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Abstract 
The aim of this study is to investigate the dynamic responses of a rub-impacting rotor system. A response integration method is
applied to analyze bifurcation and chaotic responses for the rub-impacting rotor system. This integration method numerically 
integrates the distance between state trajectory and the origin in the phase plane during a specific period. It provides a 
quantitative characterization of system responses and can replace the role of the traditional stroboscopic technique (Poincaré 
section method) to observe bifurcations and chaos of the rotor system with rub-impact. According to the result comparisons from
the rub-impacting rotor system, it is inferred that during Poincaré section method being applied to be analyzed the system 
response periods, the sampling points on Poincaré section might be too close to cause disturbances to analyze if the system 
response is a high-order sub-harmonic vibration. Thus, the misjudgments for system response periods will be made. The 
simulation results, however, show that the high-order subharmonic and chaotic responses and their bifurcations can be observed 
effectively. 
© 2013 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the National Tsing Hua University, Department of Power Mechanical 
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Nomenclature 
K  dimensionless stiffness ratio; skkK / 
NF  radial impact force 
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TF   tangential rubbing force 
nTP  response integration value for nT
R  dimensionless radial displacement of the rotor; G/rR  
U  dimensionless imbalance; GMmeU / 
ct  arbitrary extraction time 
Greek symbols 
G  radial clearance between rotor and stator 
P  friction coefficient between rotor and stator  
[  dimensionless damping of the rotor; kMc 2/ [
1. Introduction 
Considering the needs of high rotating speed and high efficiency in the modern machines, the decreasing 
clearance between the rotor and the stator is a necessary design. To improve the performance efficiency of these 
kinds of machines, the radial clearance between the rotating rotor and the stator becomes smaller and smaller. A 
detailed investigation is a great importance to establish an effective and reliable diagnosis system for rotating 
machinery. As a result, the rub-impact phenomenon is one of the main malfunctions in rotating machines and causes 
the breakdown of machines severely. It is mainly resulted from the mass imbalance, turbine or compressor blade 
failure, defective bearing, or rotor misalignment. The rub-impacting vibration of a rotor system shows a very 
complicated phenomenon including not only the periodic motion but also the quasi-periodic and chaotic motions. 
When the rub-impact happens, the partial rub arises at first. During a complete period, the rub and impact 
interactions occur between the rotor and the stator once or fewer times. Gradual deterioration of the partial rub will 
lead to the full rub; and then the vibration will affect the normal operation of the machines severely. In recent 
decades, much attention has been given to the nonlinear dynamics of impact-rubbing rotor system. The system was 
always considered by many researchers to make the rubbing phenomenon more accurately to be understood.  
In several papers [1-8], the theoretical simulations have been demonstrated about the pure vibrational aspect of a 
rotor system with rub-impact for the different models. Applying with rubs, Goldman and Muszynska [3] used it to 
examine the dynamic behavior of the rotor-stator system. The system is shown as in orderly harmonic, sub-harmonic 
and fully chaotic motions. Chu and Zhang [4] performed a numerical investigation to observe periodic, quasi-
periodic and chaotic motions in a rub-impact rotor system which is supported on the oil film bearings. Routes into 
and out of chaos were analyzed. They discussed a nonlinear vibration of the Jeffcott rotor system which includes a 
nonlinear rub-impact forces resulted from the eccentric rotation of rotor. They found that whenever the rub-impact 
occurs, three kinds of routes into the chaos will arise as the rotating speed increases. Edwards et al. [5] investigated 
the torsion effect included in a contacting rotor-stator system. They also examined the system’s response regarding 
to the torsional stiffness, and concluded that torsion has a substantial effect on system response. Patel and Darpe [6] 
in another work studied the coast-up lateral vibration response of rotor-stator rub. Rub detection at initial stage was 
attempted. Shift in resonance speed and the directional nature of the rub fault were observed. Potential of Hilbert-
Huang transform over wavelet transform is examined. Appearance of the sub-synchronous frequencies in these 
transforms was suggested for early rub detection. Abuzaid et al. [7] investigated the effect of partial rotor to stator 
rub using both analytical and experimental methods. Light rubbing induced vibrations were shown to be 
characterized by harmonics at frequencies equal to 1x, 2x and 3x revolutions. The resonant frequencies were found 
to be increased due to stiffening effect of rubbing of rotor. 
Roques et al. [8] introduced a rotor–stator model of a turbo generator in order to investigate speed transients with 
rotor-to-stator rubbing caused by an accidental blade-off imbalance and highly nonlinear equations due to contact 
conditions are solved through an explicit prediction–correction time-marching procedure combined with the 
Lagrange multiplier approach dealing with a node-to-line contact strategy. Li et al. [9] proposed a novel nonlinear 
model of rotor/bearing/seal system for steam turbines in power plants. Unsteady bearing oil film force model were 
applied. Runge-Kutta method was used to solve the motion equation of the system. Dynamic characteristics of 
371 Jang-Der Jeng et al. /  Procedia Engineering  79 ( 2014 )  369 – 377 
rotor/bearing system were analyzed using bifurcation diagram, time histories, trajectory plots (phase diagrams), 
Poincaré maps and frequency spectrum. 
In this study, we apply the response integration method to determine periodic motion in the response of the rub-
impact rotor system. With applying this method, this is able to assist the role of Poincaré section points in the 
process of constructing bifurcation diagram. It is shown to be a significant improvement over the earlier approaches. 
Some examples are given here to illustrate its effectiveness and convenience. 
2. Mathematical rotor model 
The system used as a case study is the classical Jeffcott rotor, as illustrated in Fig. 1, to study the response of a 
rubbing rotor. It is assumed that a rotor mounted on a flexible, isotropic shaft and simply supported by bearings at 
both ends. The weight of the rotor and shaft acts as a gravitational force which is supported by bearing force due to 
its stationary eccentricity. The force equilibrium of rotor in whirling with rubbing and impacting is shown in Fig. 2. 
SO  is the center of the stator and O  is the geometric center of end bearing.  
      
Fig. 1. Schematic of a Jeffcott rotor model with flexible shaftˁ
      
Fig. ˅. Rotor’s co-ordinate system with rub-impacting forcesˁ
An initial clearance of G  is installed between rotor and stator. When rubbing between rotor and stator occurs 
occasionally, the elastic impact must be induced. Also, Coulomb friction between both contact surfaces is assumed. 
The radial component due to impact is denoted by NF and the tangential component due to friction is denoted by TF
which can be determined by 
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respectively, where sk  is the stiffness of the stator; P  is the friction coefficient between rotor and stator, r  is the 
radial displacement of the rotor which can be expressed as 22 )()( yyxxr ''  . x'  and y'  are the initial 
eccentric distances in x and y directions. It indicates that whenever the radial displacement of rotor is smaller than 
the static clearance between rotor and stator, there will be no rub-impact; and the rub-impacting forces will be 
absent.  
Using global coordinate transforms both components into x and y  directions as shown by 
II sincos),( TNx FFyxF  ,                                                             (2a) 
II cossin),( TNy FFyxF  ,                                                             (2b) 
where rxx /)(cos 'I   and ryy /)(sin 'I  .
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The differential equations of motion for the rotor system with rub-impact can be modeled in x- and y-direction as 
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where M  is the mass of shaft and rotor, c  and k  are the damping and the stiffness of the shaft respectively, Z  is the 
rotating speed, and me  is the imbalance which is product of eccentric mass and eccentricity. 
The equations of motion are nondimensionalized in order to compare the behaviour of different physical systems. 
By using the radial clearance G  as the reference displacement, the displacements were nondimensionalized. Using 
dimensionless variables and parameters as described by 
G/xX  , G/yY  , Mkn / Z , nZZ: / , tnZW  , kMc 2/ [ , GMmeU / , skkK /  and G/rR  .
Then, the dimensionless equations of motion for this rubbing rotor system can be written as: 
)}()){(/11)(/1()cos(2 2 YYXXRKUXXX 'P'W::[  ccc ,            (5a) 
)}()(){/11)(/1()sin(2 2 YYXXRKUYYY ''PW::[  ccc ,                    (5b) 
where the prime indicates the derivation of dimensionless timeW .
3. Response integration method 
A response integration denoted by nTP   has been defined by integrating the distance between displacement (or 
velocity) trajectories and origin in phase plane, which is expressed by  
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where )(WX  and )(WY  are the rotor displacements of X  and Y  directions respectively. ct  is an arbitrary extraction 
time. But the extraction can be obtained only when the rotor system response reaches a steady state. The integration 
interval T is a single excitation period or the smallest common multiple period of multiple excitations. When nTP  is a 
constant, the rotor system response is P-1 periodic motion. Therefore, when the integration interval is set at nT  (n is 
an integer larger than zero), it can be judged that the rotor system periodic response is P-n motion, that is, the n-th is 
a sub-harmonic response. In Eq. (8), ct  is a changing index which is helpful to distinguish the system’s response 
period. Moreover, if the integration interval is set as the excitation period, i.e., T, the results can be used to draw the 
bifurcation diagram of the rotor system. The extraction period is the same as Poincaré section method. 
When the steady response from rotor system is in the integration interval of nT, it is in the periodic motion. The 
response integration algorithm is demonstrated as the following: 
))(),((),( nTYnTXFYXF  WW
                                                                      
(7)
For nTP  integration of ),( YXF  can be differentiated by time ct  to give  
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The method to differentiate the system responses with the response integration is based on the relations among 
extraction time ct  and integration interval nT. The analytical process of response integration is as the following: 
1. First, an initial value n  is given and the integration interval is set as nT where n  is an integer and T is the 
excitation period of system. Furthermore, ct  will be varied to assist in the determination of the response period. 
2. The nTP  integration versus ct  are calculated, and the nTc Pt -  curve is drawn. If the integration nTP  is not 
constant, then the index n  should be changed, and the above steps are repeated. 
3. When the integration nTP  is constant, the integration interval nT is defined as n  times of excitation period; the 
system response is P-n periodic motion, i.e., n -order sub-harmonic vibration. If the index n  is changed constantly, 
no fixed integration value can be obtained, and the system response might be chaotic motion. 
As proof of the above for periodic motion, see Eq. (9) with period nT the integral nTP is constant against the 
starting time of integration. Thus, the period nT of a steady state response can be identified due to the existence of 
constant nTP . Moreover, the Poincaré section method requires more sampling numbers to eliminate the measurement 
noise. Based on the definition described as above, the response period which determined to apply the response 
integration method needs only to be within the time range. The extraction time range can be an arbitrarily small 
number. Therefore, when limited experimental measurement data are analyzed, it is more advantageous to use the 
response integration method.  
4. Simulation results and analysis 
Due to the strongly nonlinear characteristics of the rub-impacting rotor system, the whirl response is quite 
complicated. It is difficult to obtain the exact solutions directly. For this reason, the derived above equations of 
motion were first transferred into a set of first-order differential equations. Then the fourth-order Runge-Kutta 
method is used to solve these equations. A smaller integration step has to be chosen to ensure a steady-state solution 
and to avoid the numeric divergence at the point where derivatives of the rub-impacting forces are discontinuous. 
4.1. Comparisons with Poincaré section and response integration 
The Poincaré section is a stroboscopic picture of a motion and consists of the time series at a constant interval of 
T , with T  being the period of excitation. The corresponding Poincaré map is a combination of those return points 
and these discrete points are often called an attractor. Examination of the distribution of return points on the 
Poincaré map can reveal the response of motion. In case of a periodic motion, the n  discrete points on the Poincaré 
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map indicate that the period of motion is the P-n. For a chaotic motion, the return points form a geometrically fractal 
structure. Figs. 3-7 show the plots of Poincaré map and response integration with various imbalances U  with 
02.0 K , 08.0 [ , 2.0 X' , 85.0 Y' , 2.0 P , 6.2 : . Simulations are performed by using 079.0 U , 0.085, 
0.093, 0.104 and 0.125, respectively. At 079.0 U , there are eight isolated points in the Poincaré map and the rotor’s 
response shows a regular periodic motion (see Fig. 3(a)). The results of the response integration method also show 
the motion to be period eight as it is in Fig. 3(b). When 085.0 U , the Poincaré map is divided into two fractal parts; 
then the motion goes to chaos shown in Fig. 4(a). It is found that the response integration values never keep constant 
as continuously varying ct  even with the integration interval set very large ( 92 n ) as shown in Fig. 4(b). It 
indicates that the responses are not periodic motions. When 093.0 U , the chaotic motion disappears and becomes a 
period eight vibration again. From Fig. 5(a)), because of some Poincaré section points being too close; it is not easy 
to identify the periodic response from vibration system. But we can observe that the motion is a subharmonic motion 
with period eight applied with the response integration method. At 104.0 U , the motion is regular and periodic. 
There are still six points in the Poincaré map (see Fig. 6(a)). Also, the response integration plot, we can clearly 
differentiate the motion to be a subharmonic vibration with period six from Fig. 6(b). Rapidly, the periodic motion 
loses stability and then another region of chaos appears during 125.0 U  which is as shown in Fig. 7(a). The fractal 
structure of the attractor is very loose. It is found that the response integration values never keep constant as 
continuously varying ct  even with the integration interval set very large ( 82 n ) as shown in Fig. 7(b). The 
response is not a periodic motion which is according to the definition of the response integration method. From the 
above simulations, the response integration method is used to analyze the system response. The periodic response 
can be drawn clearly and simply. Also, it can be seen that the rubbing rotor system represents the complex dynamic 
characters at different imbalances obviously. 
(a) (b)
      
Fig. 3. The Poincaré map (left) and the response integration plot (right) with 079.0 U .
(a) (b)
      
Fig. 4. The Poincaré map (left) and the response integration plot (right) with 085.0 U .
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(a) (b)
      
Fig. 5. The Poincaré map (left) and the response integration plot (right) with 093.0 U .
(a) (b)
      
Fig. 6. The Poincaré map (left) and the response integration plot (right) with 104.0 U .
(a) (b)
      
Fig. 7. The Poincaré map (left) and the response integration plot (right) with 125.0 U .
4.2. Bifurcation diagram of response  integration  
The bifurcation diagrams reflect the dependence of the motion type on a relevant control parameter such as 
rotating speed, imbalance or rotor-stator clearance, etc. The control parameter was small steps; each step which 
starts at initial conditions to a steady state solution had been achieved. To examine the dynamic responses of the 
rubbing rotor system compared with the Poincaré section and the proposed response integration methods all have 
been devised.  
Figs. 8(a) and 8(b) are the bifurcation diagrams versus drawn with two methods which use the rotating speed 
ratio as the control parameters. The zooming bifurcation diagrams as above are used to observe the detailed 
characteristics of rotor system. The speed ratio :  is the ratio of the rotating speed to the natural frequency of the 
system. For the same rotor’s parameters the bifurcation diagrams using both the Poincaré section and the response 
integration methods show almost the same topology. With applying this integration method, whenever there is a 
dispersion of response integration values over a range of the system parameter, a periodic or chaotic response may 
be exhibited. 
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Because period one motion was predominant below the 33.2 : , the rotating speed ratio range was chosen from 
30.2 :  to 2.8.  First, period one motion jumps into period three as the rotating speed ratio increases. The motion is 
subharmonic at 2.33<: <2.342, three points are correspondingly shown in the bifurcation diagrams for every 
rotating speed ratio. Around 342.2 : , the motion of the rotor system skips to the period six, when it is around 
364.2 : , the motion becomes period twelve. Clearly is that this is a period-doubling bifurcation route from 
33.2 :  to 2.376. As the speed ratio :  continues to increase; the motion gradually enters into the region of chaos 
which remains from 2.382 to 2.46. After undergoing the chaotic region, the chaotic vibration disappears and the 
motion becomes a subharmonic vibration with period six around 46.2 : . Oppositely, when it is around 485.2 : ,
the period six motion loses stability and turns to chaos. During the short interval of rotating speeds, the chaotic 
motion becomes periodic motion again. Around : =2.675, the system gradually enters into another region of chaos. 
Finally, when :  increases to 2.775, the response exists periodic motion and goes to chaos directly. It can be seen 
that in the whole range of rotating speed, the motion exhibits different forms of vibration, that is, the synchronous, 
subharmonic and chaotic vibrations.  
The Rotor’s imbalance plays an important part in the behaviour of the system. In a turbine or compressor, the 
sudden loss of blade will increase the imbalance and results in rubbing. Figs. 9(a) and 9(b) are the bifurcation 
diagrams drawn with both the Poincaré section method and the response integration method which use the 
imbalance as the control parameters. The results obtained from the Poincaré section method were completely 
comparable with those from the response integration method. These similarities validated the numerical model. As 
the simulation results from the Poincaré section method matched well with those from the response integration 
method, further numerical simulations were undertaken to investigate the effect on the response of the system. The 
effect of increasing the imbalance from 0.04 to 0.14 is investigated and shown in Fig. 10. The bifurcation diagram 
shows that a further increase imbalance causes the onset of subharmonic motions of various orders, interspersed 
with chaotic bands. At 04.0 U , a period one motion exists at first and then the motion becomes period two during 
05.0 U . When imbalance increases further at 088.0 U , the response goes out of chaos and turns into period four 
motion. When 107.0 U , the response exists period six motion and turns into chaotic motion. Afterward, with 
further variations of imbalance, the period two motion loses stability and goes to chaos directly at 117.0 U .
        
                (a)    (b) 
Fig. 8. Bifurcation diagrams with the rotating speed ratio :  as the control parameter; (a) Poincaré section method; (b) response integration 
method, where 015.0 K , 068.0 [ , 3.0 X' , 92.0 Y' , 1.0 U , 2.0 P .
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                (a)  (b) 
Fig. 9. Bifurcation diagrams with the imbalance U  as the control parameter; (a) Poincaré section method; (b) response integration method, where 
02.0 K , 08.0 [ , 2.0 X' , 85.0 Y' , 6.2 : , 2.0 P .
5. Conclusions 
Applying effective methods to analyze and distinguish all kinds of response patterns is the major research object 
of nonlinear dynamics. Utilizing the response integration method, the responses of the nonlinear rotor system with 
rub-impact can be clearly and simply drawn. It is a very useful tool to observe vibration responses which generally 
cannot be easily distinguished from the Poincaré map. This method provides a quantitative characterization of 
periodic motion which cannot be easily to be distinguished either from orbit plot or from Poincaré map. For a high-
order harmonic vibration, the system responses will be made misjudgments due to the Poincaré section points near 
each other. However, when the integration value is a fixed constant, the system response is a periodic motion which 
is based on the definition of the response integration method. The numerical simulated results show that the 
response integration technique will be available to observe bifurcations and chaos of the rotor system with rub-
impact effectively and can precisely identify high-order subharmonic motion. 
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